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Abstract: Non hermitian Hamiltonians play an important role in the study of dissipative quan-
tum systems. We show that using states with time dependent normalization can simplify the
description of such systems especially in the context of the classical limit. We apply this prescrip-
tion to study the damped harmonic oscillator system. This is then used to study the problem of
radiation in leaky cavity.
I. INTRODUCTION
Quantum Mechanics in its standard form deals with systems like free particle, simple harmonic oscillator, Hydrogen
atom etc., all of which exhibit conservation of energy. Even when we want to account for interaction with external
fields like magnetic field or electric field the number of degrees of freedom that facilitate energy exchange is small
and hence can be formulated using a Hamiltonian with real eigen values. However, when it comes to the case of
dissipative systems, the degrees of freedom responsible for system-environment interaction grow enormously [1] and
standard tools of quantum mechanics are not sufficient. This makes the problem of having a quantum mechanical
description of dissipative systems extremely challenging and difficult [2]. This has been an area of active study and
several tools have been developed to describe various aspects of quantum systems in the presence of dissipative effects
(see [3] and references therein).
The damped harmonic oscillator provides a toy model to study dissipative systems. There have been several
attempts to obtain a consistent quantum theory with the correct classical limit of this system. Some of the approaches
which have been notably successful include Bateman’s dual oscillator approach and the Caldirola-Kanai Hamiltonian
with time dependent mass. A review of the approaches with a comprehensive list of references can be found in [4].
More recently, this system has been analyzed from quantum field theory perspective in [5] and via Feynman path
integral in [6]. Some of the recent studies of the damped oscillator have been carried out in [7] (also see [8]). Extensive
work has been done to model dissipation by coupling system and environment using a system-environment coupling
term in the Hamiltonian [9].
Since dissipation involves energy being transferred out of the system into the environment, there have been efforts
to try to describe such systems using Hamiltonians which are non-hermitian. Traditionally non-hermitian
Hamiltonians have been used to phenomenologically describe processes which lead to a non conservation on particle
number, eg radioactive decay, scattering and transport phenomena [10]. Although, in most cases, non-Hermitian
Hamiltonians are phenomenological which are introduced heuristically, they give a mathematical consistent
formalism of describing a system coupled with a continuum of states [11]. Understanding such Hamiltonians and
their properties and applications is a current area of active research from both theoretical and experimental
perspectives [12, 13]. In particular, they have been used to study damped oscillator systems [14].
It is important to stress that if we consider the system of interest and the environment together as a single system,
then that system is not dissipative. However such a description, though complete, will not be of much use unless we
manage to integrate out the environmental degrees of freedom. That is not the path we take in this paper. Here
we try to build up tools which can provide an effective quantum description of only the dissipative system. We will
provide a prescription for constructing quantum mechanical description of dissipative systems using non-hermitian
Hamiltonians similar to the path followed in [14] although our motivation and approach is quite different. Our goal
is the following: given a classical (dissipative) system, we propose a quantum (non-hermitian) Hamiltonian operator
such that, for a given class of states, the expectation values of certain operators are peaked about their classical values.
The operators we are concerned with are the ones corresponding to classical measurables. We use coherent states of
the corresponding non-dissipative systems to calculate the expectation values. The justification for the correctness
of this proposed construction is that the expectation values agrees with the ones calculated using other methods in
literature. In addition to the simplicity of the procedure, another major advantage of our construction is that in the
limit where the dissipation goes to zero, our results naturally goes over to the results of the conservative system.
In this paper, we will also deal with the leaky cavity which is another dissipative system that finds its application in
some areas of experimental physics including laser physics and quantum optics [15]. Usually the quantity of interest
in dealing with such systems is the radiation loss due to leakage. A lot of progress has been made in the study of
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2quantization modes of leaky cavities (see [16] and references therein) and it is not possible to summarize it in one
paragraph. Very briefly, one of the more popular approaches is using the Gardiner-Collett Hamiltonian [17] where the
cavity field is described in terms of normal modes as if the cavity were perfect and closed. The leakage is modelled
by introducing an ad-hoc coupling with a reservoir. Finally the reservoir states are integrated out to obtain a master
equation which contains information about the modes in the cavity. We are not really interested in the technical
aspects of this problem but in this paper we show how our formalism for the damped oscillator can be directly
mapped onto the problem of the leaky cavity which can then be solved in the same way.
This paper is organized as follows: In section (II) we start by reviewing a general quantum mechanical formalism for
a complex Hamiltonian systems. Section (III) illustrates the application of formalism so developed to model damped
harmonic oscillator (DHO). Our proposal, makes an improvement to the scheme suggested in [14] which greatly
simplifies the procedure of quantum-classical correspondence using Ehrenfest’s theorem. In section (IV) section we
investigate the phenomenon of radiation leakage in cavity using complex Hamiltonians. We postulate Hamiltonian
that allows for polarization dependent decay factors and then derive the time evolution of Electric and Magnetic fields.
This gives a novel treatment of the leaky cavity problem which has not appeared in literature before. We finally end
with conclusions in section (V).
II. QUANTUM THEORY OF DISSIPATIVE SYSTEMS
In this section, we explore some of the features of a general non-hermitian Hamiltonian. Since most dissipative
systems are modeled by adding a dissipative part to an initially conservative system, we will also assume that our
Hamiltonian has distinct conservative and dissipative pieces. We will be closely following the treatment given in [14].
Let us start with the following Hamiltonian
HˆD = Hˆ − iΓˆ (1)
where, in anticipation we have added the subscript D to stand for dissipative system. We further require the following
conditions to be satisfied
• Hˆ = Hˆ† where, Hˆ is Hamiltonian of undamped system
• Γˆ = Γˆ† where, Γˆ is damping part of Hamiltonian
• [Hˆ, Γˆ] = 0
The third condition is to ensure the existence of simultaneous eigenkets for Hˆ and Γˆ. This will also ensure that the
Hamiltonian (1) will have a complex eigenvalues.
Now, given a quantum system described by state |ψ〉 its time evolution as governed by the time dependent
Schroedinger equation
i~
∂ |ψ〉
∂t
= HˆD |ψ〉 (2)
=⇒ |ψ, t+ dt〉 =
(
1− i HˆDdt
~
)
|ψ, t〉 = Uˆ(t, t+ dt) |ψ, t〉 (3)
where, Uˆ(t, t+ dt) is now a non-unitary time evolution operator.
Since, Hamiltonian Hˆ is time independent this implies that Hamiltonians at different time commute. Thus, we can
find out finite time evolution of state |ψ〉 for time t as
|ψ, t〉 = lim
N→∞
(
1− i HˆDt
~N
)N
|ψ, t〉 = e−i HˆDt~ |ψ, 0〉 = Uˆ(t) |ψ, 0〉 (4)
It is well known that probability is not conserved under evolution by a non unitary operator. To see that consider an
initially normalized state |ψ〉
|ψ, t = 0〉 =
∞∑
n=0
cn |n〉 ;
∞∑
n=0
|cn|2 = 1 (5)
3where we have expanded the state |ψ〉 in terms of the energy eigenstates of the undamped system |n〉. Note that we
are assuming that the energy eigenstates of the undamped system span the whole Hilbert space. Also note that since
[Hˆ, Γˆ] = 0, the kets |n〉 are simultaneous eigenkets of Hˆ and Γˆ.
Under time evolution (4) we have
|ψ, t〉 = Uˆ(t) |ψ, 0〉 = e−i HˆDt~ |ψ, 0〉 (6)
=
∞∑
n=0
cne
−Γnt~ e−i
Ent
~ |n〉 (7)
where En and Γn are the eigenvalues of Hˆ and Γˆ respectively.
Since, time evolution is non unitary in nature, the norm is no longer time independent and must evolve according
to
N(t) = 〈ψ, t|ψ, t〉 =
∞∑
n=0
|cn|2e−2
Γnt
~ (8)
The time derivative of the norm is given by
~
dN(t)
dt
= −2 〈ψ, t|Γˆ|ψ, t〉 (9)
To obtain a consistent physical interpretation in such cases we will have to slightly modify the notion of time evolution
of expectation values of any operator. Given any observable Aˆ, we define its expectation value at time t with respect
to state |ψ, t〉 to be
〈Aˆ〉t =
〈ψ, t|Aˆ|ψ, t〉
N(t)
:= 〈φ, t|Aˆ|φ, t〉 (10)
where we have defined the state, |φ, t〉 := |ψ,t〉√
N(t)
which is normalized for all times.
To find (10) we can use (4) to obtain
〈ψ, t+ dt| Aˆ |ψ, t+ dt〉 = 〈ψ, t| Uˆ†(dt)Aˆ Uˆ(dt) |ψ, t〉
⇒ i~d 〈ψ, t| Aˆ |ψ, t〉
dt
= 〈ψ, t| [Aˆ, Hˆ] |ψ, t〉 − i 〈ψ, t|
{
Γˆ, Aˆ
}
|ψ, t〉 (11)
where, [Aˆ, Hˆ] := AˆHˆ − HˆAˆ and
{
Γˆ, Aˆ
}
:= ΓˆAˆ+ AˆΓˆ.
Using (9) and (11) we find the time derivative of expectation value of operator Aˆ as
i~
d 〈φ, t| Aˆ |φ, t〉
dt
= 〈φ, t| [Aˆ, Hˆ] |φ, t〉 − 2i∆2AΓ (12)
where, ∆2AΓ := 〈φ, t| 12
{
Aˆ, Γˆ
}
|φ, t〉 − 〈φ, t| Aˆ |φ, t〉 〈φ, t| Γˆ |φ, t〉.
Note that, as expected, all the deviations from standard quantum mechanics involve only the non-hermitian term
Γˆ and its eigenvalues. When the dissipation goes to zero we get back our standard quantum mechanics.
We further observe that the Schroedinger equation (2) can be modified to account for time dependent normalization
factor. The modified non-linear Schroedinger equation can be written in terms of normalized states |φ〉 using (9) as
i~
d |φ, t〉
dt
= Hˆ |φ, t〉 − i[Γˆ, |φ, t〉 〈φ, t|] |φ, t〉 (13)
where, [Γˆ, |φ, t〉 〈φ, t|] = Γˆ |φ, t〉 〈φ, t| − |φ, t〉 〈φ, t| Γˆ and |φ, t〉 〈φ, t| is the projection operator on state |φ, t〉.
This is a brief overview of the modifications we obtain in the standard quantum mechanics, if we start with an
explicit non-hermitian Hamiltonian. So far, it is just a mathematical curiosity and we have not made any comments
on the physical interpretation. In the subsequent sections we will use this formalism to explore some dissipative
systems. In each of those contexts, the motivation and the interpretation of the additional Γ term will become clear.
4III. DAMPED HARMONIC OSCILLATOR
The simplest dissipative system in classical theory is Damped Harmonic Oscillator (DHO) whose classical equation
of motion is given by
q¨ + 2γq˙ + ω2q = 0 (14)
where γ is damping coefficient while ω is the natural frequency. In our notation q˙ indicates derivative with respect to
time t. We will be dealing only with the under-damped case. The solution for the above equation of motion is given
by
q(t) = qoe
−γt cosωdt+
(
q˙o
ωd
+
γqo
ωd
)
e−γt sinωdt (15)
where, ωd =
√
ω2 − γ2.
There have been multiple efforts to quantize this classical system (see [4] and references therein), each with its own
strengths and weaknesses. In this section we will propose a quantization scheme, based on the formalism developed
in the previous section, for the DHO. We will postulate a non-hermitian Hamiltonian for the DHO and show that,
for a certain class of states, we recover the classical equations of motion via Ehrenfest theorem. Another attractive
feature of our quantum theory is that it naturally reduces to theory of Simple Harmonic Oscillator(SHO) as damping
coefficient γ → 0.
We propose the following Hamiltonian operator for the DHO
HˆD =
(
aˆ†aˆ+
1
2
)
~ωd − i~γaˆ†aˆ
=Hˆ − i~γNˆ (16)
where Nˆ is the number operator and γ has dimensions of [T ]−1. Comparing with formalism of section (II) we can see
that the dissipative part of Hamiltonian is taken to be Γˆ := ~γNˆ .
In an attempt to attain correct classical limit we shall use the coherent states of SHO (A8). The time evolution of
a coherent state can be easily calculated using (4)
|α, t〉 = Uˆ(t) |α, 0〉 = e−i HˆDt~ |α, 0〉 = e− |α
2|
2
∞∑
n=0
αn√
n!
e−γnte−i
Ent
~ |n〉 (17)
Obviously the norm will not be preserved under time evolution. The time dependent norm will now be given by (8)
N(t) = 〈α, t|α, t〉 = e−|α|2e(|α|2e−2γt) (18)
The states we are interested in are the normalized coherent state which we label as α˜, are given by
|α˜, t〉 = e−
(
|α|2
2 e
−2γt
) ∞∑
n=0
αn√
n!
e−γnte−i
Ent
~ |n〉 (19)
These are the states which are physically relevant. All the expectation values calculated subsequently in this section
are with respect to these states. In particular, the time dependent normalization naturally ensures that as time
progresses the probability of finding the system in higher excited state decreases and the probability of finding the
oscillator in lower excited states simultaneously increases. This is exactly what we hope to model while studying a
dissipative system.
It is well known that coherent states are minimum uncertainty states for a simple harmonic oscillator. We are
using the same coherent states (with an additional time dependent normalization) to study the damped oscillator. To
understand the nature of these states for our system let us calculate the expectation value of position and momentum
operator
q(t) = 〈α˜, t| qˆ |α˜, t〉 = 〈α˜, t|
√
~
2mωd
(aˆ+ aˆ†) |α˜, t〉 =
√
2~
mωd
Re
(
αe−itωd
)
e−γt (20)
p(t) = 〈α˜, t| pˆ |α˜, t〉 = 〈α˜, t|
√
mωd~
2
(
aˆ− aˆ†
i
)
|α˜, t〉 =
√
2mωd~ Im
(
αe−itωd
)
e−γt (21)
5Since, α in general is a complex number, its real and imaginary part essentially contains information about initial
position q0 and momentum p0 respectively, i.e.
Re(α) =
√
mωd
2~
qo ; Im(α) =
√
1
2mωd~
po (22)
We further observe that the variances of position and momentum operators are given by
〈∆qˆ2〉 = ~
2mωd
+
~
mωd
[
|α|2 + Re(α2e−it2ωd)− 2 (Re(αe−itωd))2] e−2γt = ~
2mωd
(23)
〈∆pˆ2〉 = mωd~
2
+mωd~
[
|α|2 − Re(α2e−it2ωd)− 2 (Im(αe−itωd))2] e−2γt = mωd~
2
(24)
Therefore, |α˜, t〉 form minimum uncertainty states.
〈α˜, t|∆xˆ2 |α˜, t〉 〈α˜, t|∆pˆ2 |α˜, t〉 = ~
2
4
(25)
Also note that this uncertainty is independent of time. Thus, the normalized coherent states of SHO (A8) with an
additional appropriate time dependent normalization form minimum uncertainty states for the DHO. These states
provide a good description of the damped system for all times.
To show that the energy of the damped system actually decays with time let us calculate the expectation value E
of Hamiltonian corresponding to simple harmonic oscillator with respect to (19).
E = 〈α˜, t| Hˆ |α˜, t〉 = e−(|α|2e−2γt)
∞∑
n=0
|α|2n
n!
e−2γtn
[
n+
1
2
]
~ωd
= |α|2e−2γt~ωd + 1
2
~ωd (26)
The exponential factor in the first term in equation (26) goes to 0 as t→∞. We can easily calculate the expectation
value for the full DHO Hamiltonian (16) as
〈α˜, t| HˆD |α˜, t〉 = 〈α˜, t| Hˆ |α˜, t〉 − i 〈α˜, t| Γˆ |α˜, t〉
= E +
i~
2N(t)
dN(t)
dt
using eq (9)
= |α|2e−2γt~ωd + 1
2
~ωd − iγ~|α|2e−2γt (27)
Note that in the second step we have to divide by N(t) as the states considered in equation (9) are not normalized.
The real part of expectation value of HˆD contains information about decay of energy and the imaginary part tells
about change of norm with respect to time.
In order to establish connection with classical mechanics using Ehrenfest’s theorem let us use equation (12) for
finding out the evolution of position and momentum operators.
i~
d 〈qˆ〉
dt
= 〈[qˆ, Hˆ]〉 − 2i∆2qΓ
=⇒ dq(t)
dt
=
p(t)
m
− γq(t) (28)
i~
d 〈pˆ〉
dt
= 〈[pˆ, Hˆ]〉 − 2i∆2pΓ
=⇒ dp(t)
dt
= −q(t)mω2d − γp(t) (29)
Differentiating (28) with respect to time and using (29) we obtain the following equation
q¨ + 2γq˙ + q(ω2d + γ
2) = 0
or, q¨ + 2γq˙ + ω2q = 0 where ω2d + γ
2 = ω2 (30)
6Hence we get back the classical equation of motion which holds for all times. It can be easily seen that the formalism
reduces to that of SHO in the limit γ → 0.
Although the analysis done in this section is similar to the one in [14], the key difference lies in the choice of
states. We do not use the coherent states |α〉 for taking the expectation values but the states |α˜〉 which include a
time dependent normalization. The advantage of using our states is that the understanding of classical limit and time
evolution of measurable quantities become greatly simplified. Moreover the expectation values from quantum theory
reproduces the correct classical equations of motion which remain valid for all times.
To recap, in this section we have used the formalism described in the previous section to obtain a quantum
description of the damped oscillator system. The Hamiltonian for the system is non-hermitian (16). The states we
chose to study the system are simply the coherent states of the simple harmonic oscillator multiplied by a time
dependent normalization factor (19). We show that these states have a very nice interpretation as minimum
uncertainty states. If we view this system as a simple harmonic oscillator which loses energy due to some damping
process, the energy loss by the dissipative process is demonstrated by the fact that the probability of finding the
oscillator in the higher energy eigenstates decreases with time. We also demonstrate that we obtain the correct
classical limit via the Ehrenfest theorem. One major advantage of this formalism over some of the others [4] is that
the uncertainty principle is not violated even for t → ∞ and the fact that it is trivial to take the limit γ → 0. This
formalism for describing dissipative systems can be applied to more general settings as we shall show in the next
section
IV. RADIATION DECAY IN LEAKY CAVITIY
The ideal case of radiation inside a cavity problem is treated with cavity being made up of perfectly conducting
boundaries [18]. In reality however, cavity walls can have finite transmission coefficient, thus allowing for the radiation
to decay or ‘leak’ through. When considering the leaky cavity, we shall assume that thermal fluctuations can be
neglected. we also assume that the decay time is much longer than the speed of electromagnetic radiation in the
cavity. In that case, we can neglect the fact that the leakage loss is localized at the boundaries and assume that
the loss changes the electromagnetic field inside the entire cavity [16]. Again, this analysis should not be taken as a
realistic study of the leaky cavity problem but more as a demonstration of how non-hermitian Hamiltonians can help
tackle such problems in general.
A. Quantization of Radiation
In this section we will map leaky cavity problem to that of a damped oscillator and show how it can be used to
obtain how the electromagnetic fields change with time in that case. Our derivation is in the same spirit as done in
[18] with slight modifications. After obtaining suitable Hamiltonian, we will add a complex part and use the formalism
developed in previous sections to derive expressions for electric and magnetic fields in presence of leakage. We will
then give a physical interpretation of decay in terms of photon number.
Let us consider an ideal cuboidal cavity. The wave equation that vector potential A(r, t) has to obey inside the
cavity in Radiation gauge is given by
∇.A = 0 (31)
∂2A(r, t)
∂t2
= c2∇2A(r, t) (32)
where, ∇2 is laplacian operator in 3-Dimensions. The boundary conditions demand the fields to vanish at boundaries
of the cavity. This means that A(r, t) can admit only standing wave solutions. The most general solution however,
can be written as Fourier expansion of standing waves of different wavelengths,
A(r, t) =
∞∑
k=−∞
Ak sin(kxx) sin(kyy) sin(kzz) cos(ωkt) (33)
where, Ak(r, t) are real constant vectors, kx, ky, kz are components of wave vector k and ωk is the angular frequency
of wave corresponding to wave vector k and is given as ωk = |k|c. If the dimensions of cavity along x, y, z axis are
7lx, ly, lz respectively then boundary conditions demand
kxlx = nxpi
kyly = nypi
kzlz = nzpi (34)
where, nx, ny, nz ∈ {Z− {0}} as that there will be no fields corresponding to zero mode due to boundary conditions.
Expressing the sines and cosines in (33) in terms of exponentials we have
A(r, t) =
∞∑
k=−∞
A˜ke
ik.r cos(ωkt) (35)
=⇒ A(r, t) = 1
2
∞∑
k=−∞
[
A˜ke
−iωkt+ik.r + A˜keiωkt+ik.r
]
=
∞∑
k=−∞
[
b˜ke
ik.r + b˜
∗
−ke
ik.r
]
(36)
where, A˜k are now constant complex 3-dimensional vectors such that A˜
∗
k = A˜(-k) and b˜k =
1
2A˜ke
−iωkt. Here, we
have expressed (36) in terms of standing wave solutions for each k. This is done so as to create mapping between
electromagnetic and simple harmonic oscillator system. We further notice that due to (31), fields have two independent
direction of polarization for a given direction of propagation k. Let us denote these by ekα where α = 1, 2. Thus,
we can write b˜k = b˜k1ek1 + b˜k2ek2 where, b˜kα are complex scalars. Hence, the standing wave solutions (36) can be
written as
A(r, t) =
∞∑
k=−∞
α=1,2
[
b˜kαe
ik.r + b˜∗−kαe
ik.r
]
ekα (37)
For a electromagnetic system, the energy density is given as
H =
∫
V
[
1
2
o|E|2 + 1
2µo
|B|2
]
dV
=
1
2
o
∫
V
[|E|2 + c2|B|2] dV (38)
where V is cavity volume.
Since our basic variable is the vector potential A we need to rewrite the E and B fields in terms of A (36). In the
radiation gauge they can be written as
E(r, t) = −∂A
∂t
=
∞∑
k=−∞
α=1,2
iωk
[
b˜kαe
ik.r − b˜∗−kαeik.r
]
ekα (39)
B(r, t) = ∇×A =
∞∑
k=−∞
α=1,2
ik×
[
b˜kαe
ik.r + b˜∗−kαe
ik.r
]
ekα (40)
In order to evaluate (38) in terms of potentials, we use the following normalization condition:∫
V
eik.reik
′.rd3r = V δk,−k′ (41)
8Hence, we can write (38) in terms of potential as
H =1
2
o
∫
V
[|E|2 + c2|B|2] dV
=
1
2
o
∞∑
k,k′=−∞
α,β=1,2
∫
V
−ωkωk′
(
ekα.ek′β
)(
b˜kα − b˜∗−kα
)(
b˜k′β − b˜∗−k′β
)
ei(k+k
′).rdV+
1
2
oc
2
∞∑
k,k′=−∞
α,β=1,2
∫
V
−{k× ekα}.{k′ × ek′β}(b˜kα + b˜∗−kα)(b˜k′β + b˜∗−k′β)ei(k+k′).rdV (42)
=
1
2
V oω
2
k
∞∑
k=−∞
α=1,2
{(
b˜kα − b˜∗−kα
)(
b˜∗kα − b˜−kα
)
+
(
b˜kα + b˜
∗
−kα
)(
b˜∗kα + b˜−kα
)}
=
∞∑
k=−∞
α=1,2
V oω
2
k
(
b˜∗kαb˜kα + b˜kαb˜
∗
kα
)
(43)
=
∞∑
k=−∞
α=1,2
1
2
~ωk (a˜∗kαa˜kα + a˜kαa˜∗kα) (44)
where, we have used (41) and k.ekα = 0 for simplifying (42). We have also redefined our variables as a˜kα =√
2V oωk
~ b˜kα in last step.
Let us now define two variables analogous to position and momentum of Simple Harmonic Oscillator:
Qkα =
√
~
2ωk
(a˜∗kα + a˜kα) (45)
Pkα = i
√
~ωk
2
(a˜∗kα − a˜kα) (46)
Note that, Q,P are real scalars depending upon direction of propagation and polarization. In terms of these variables
the energy (44) can be as:
H =
∞∑
k=−∞
α=1,2
1
2
(
ω2kQ2kα + P2kα
)
(47)
So far our treatment has been totally classical. We now quantize this Hamiltonian taking Qkα,Pkα as the basic
conjugate variables by following the standard quantization procedure of replacing each mode dependent position and
momentum variables by corresponding operator. Note that, we are not attempting to study Quantum
Electrodynamics, but a quantum theory of the radiation modes. Since the regime we are interested in is
non-relativistic, this quantization is expected to provide a valid quantum theory.
The quantum mechanical Hamiltonian operator is given by:
Hˆ =
∞∑
k=−∞
α=1,2
1
2
(
ω2kQˆ2kα + Pˆ2kα
)
(48)
where, operators Qˆkα, Pˆkα satisfy the following commutation relations
[Qˆkα, Qˆk′β ] = 0 [Pˆkα, Pˆk′β ] = 0 [Qˆkα, Pˆk′β ] = i~δkk′δαβ (49)
These operators can further be written in terms of creation and annihilation operators using (45) as:
Qˆkα =
√
~
2ωk
(
aˆ†kα + aˆkα
)
(50)
Pˆkα = i
√
~ωk
2
(
aˆ†kα − aˆkα
)
(51)
9The canonical commutation relations (49) imply that
[aˆkα, aˆk′β ] = 0 [aˆ
†
kα, aˆ
†
k′β ] = 0 [aˆkα, aˆ
†
k′β ] = δkk′δαβ (52)
This allows us to rewrite the quantum Hamiltonian (48) in terms of aˆkα, aˆ
†
kα as:
Hˆ =
∞∑
k=−∞
α=1,2
(
aˆ†kαaˆkα +
1
2
)
~ωk
=
∞∑
k=−∞
α=1,2
(
Nˆkα + 1
2
)
~ωk (53)
where, Nˆkα = aˆ†kαaˆkα is photon number operator for corresponding radiation mode.
Note that a naive quantization of (53) will yield an infinite vacuum energy which is a classic problem encountered
when one attempts to quantize radiation. Again, we are not interested in QED, so we will sidestep this problem
by ignoring half factor in expression for Hamiltonian. The reason that it is sufficient for our purpose is that we are
ultimately interested in the problem of the leaky cavity in a laboratory setting. As we have seen in the damped
oscillator example, the time dependent decay of energy only depends on the differences of energy levels matter. Since,
we do not intend to calculate energies we will not discuss this problem further and just drop the half factor in the
subsequent calculations from the Hamiltonian (53).
Moreover, in the laboratory, the measurable quantities are not the creation, annihilation operators aˆkα, aˆ
†
kα but the
electric and magnetic fields Eˆ(r, t), Bˆ(r, t). Therefore for future reference we express the electric and magnetic fields
in terms of the creation and annihilation operators using (39) and (40) as
Eˆ(r, t) =
∞∑
k=−∞
α=1,2
i
√
~ωk
2V o
[
aˆkαe
ik.r − aˆ†−kαeik.r
]
ekα
=
∞∑
k=−∞
α=1,2
i
√
~ωk
2V o
[
aˆkαe
ik.r − aˆ†kαe−ik.r
]
ekα (54)
Bˆ(r, t) =
∞∑
k=−∞
α=1,2
i
√
~
2V oωk
k×
[
aˆkαe
ik.r + aˆ†−kαe
ik.r
]
ekα
=
∞∑
k=−∞
α=1,2
i
√
~
2V oωk
k×
[
aˆkαe
ik.r − aˆ†kαe−ik.r
]
ekα (55)
We have, so far, obtained a quantum theory of electromagnetic radiation inside a perfectly conducting cavity. We
now intend to introduce leakage term in the Hamiltonian (53) and use the formalism developed in section (II) to
understand how fields evolve with time in presence of leakage.
B. Radiation Decay
In real world, it is not possible to construct boxes with perfectly conducting walls. Generally, the walls of a cavity
will have finite transmission and reflection coefficients such that the radiation leaks outside. That is what we plan to
model in this section. This approach is novel and, to the best of our knowledge, has not been reported in literature
before.
Since we have written the Hamiltonian in a form analogous to the simple harmonic oscillator, we will attempt to
model the decay in a leaky cavity by introducing a complex term similar to the damped oscillator discussed previously.
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Explicitly we modify the Hamiltonian (53) as follows:
HˆL =
∞∑
k=−∞
α=1,2
Nˆkα~ωk − i~
∞∑
k=−∞
α=1,2
γkαNˆkα (56)
=H− i~
∞∑
k=−∞
α=1,2
γkαNˆkα (57)
where, γkα is mode dependent damping factor with dimension of [T ]
−1 and H is undamped Hamiltonian. Note that
γkα can be different for different propagation and polarization directions. Note that, unlike traditional treatments
[19] we do not consider the environment at all, we merely model the leakage by adding a damping term by hand. The
exact interaction of the environment with the cavity can be formulated by choosing specific forms of γkα.
Since the creation operators for the different modes commute (see (52)) we can construct simultaneous eigenkets of
operators aˆkα as
|β〉 =
k=∞∏
⊗
k=−∞
α=1,2
|βkα〉 (58)
where,
⊗
indicates direct product and |βkα〉 is coherent state for corresponding mode given as
|βkα〉 = e−
|β2kα|
2
∞∑
n=0
βnkα√
n!
|n〉 (59)
Note that now the problem has been completely mapped to the damped oscillator case which we had explicitly solved
before. The Hamiltonian (56) is similar to the one we had written for the damped oscillator (16). The coherent states
(58) are simply generalization of the SHO coherent states (A8). We can now follow the same steps as before: We
determine the time dependent normalization factor from the time evolution of the coherent states |β〉 by the non-
hermitian Hamiltonian HˆL. This will be used to construct the coherent states with time dependent normalization
|β˜, t〉. The expectation value of any observable will be calculated using these states.
The time evolution operator generated by Hamiltonian (56) given by Uˆ(t, 0) = e−i
HˆLt
~ evolves the states (58) as
|β, t〉 = U(t, 0) |β〉 =
k=∞∏
⊗
k=−∞
α=1,2
|βkα, t〉 (60)
=
k=∞∏
⊗
k=−∞
α=1,2
{
e−
|β2kα|
2
∞∑
n=0
βnkα√
n!
e−γkαnte−i
Ent
~ |n〉
}
(61)
The states which remain normalized for all times can be constructed from |β, t〉 using the time dependent normalization
|β˜, t〉 =
k=∞∏
⊗
k=−∞
α=1,2
{
e−
|βkα|2
2 e
−2γkαt
∞∑
n=0
βnkα√
n!
e−γkαnte−i
Ent
~ |n〉
}
(62)
We can use these states to calculate the time dependence of any operator of interest. In particular the average
photon number is given by
〈β˜, t| Nˆ |β˜, t〉 = 〈β˜, t|
∞∑
k=−∞
α=1,2
aˆ†kαaˆkα |β˜, t〉
=
∞∑
k=−∞
α=1,2
|βkα|2e−2γkαt (63)
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As we can see that the photon number in the cavity decays with time. This expression also contains information
about selective decay of modes. To determine how much decay occurs in each mode we can simply take γ of the
corresponding mode as non-zero number and all other γ’s as zero.
The quantities which can be measured are the electric and magnetic field. Their expectation values with respect
to |β˜, t〉 can be evaluated using their expressions in (54) and (55).
〈β˜, t| Eˆ(r, t) |β˜, t〉 =
∞∑
k=−∞
α=1,2
i
√
~ωk
2V o
[
〈β, t| aˆkα |β, t〉 eik.r − 〈β, t| aˆ†kα |β, t〉 e−ik.r
]
ekα
=
∞∑
k=−∞
α=1,2
−
√
2~ωk
V o
Im
(
βkαe
ik.r
)
e−γkαtekα
=
∞∑
k=−∞
α=1,2
E(r, 0)kα e
−γkαt (64)
〈β˜, t| Bˆ(r, t) |β˜, t〉 =
∞∑
k=−∞
α=1,2
i
√
~
2V oωk
k×
[
〈β, t| aˆkα |β, t〉 eik.r − 〈β, t| aˆ†kα |β, t〉 e−ik.r
]
ekα
=
∞∑
k=−∞
α=1,2
−
√
2~
V oωk
[
Im
(
βkαe
ik.r
)
e−γkαt
]
k× ekα
=
∞∑
k=−∞
α=1,2
B(r, 0)kα e
−γkαt (65)
Hence, we see that the fields corresponding to mode with non-zero γ decay with time.
In Table 1 we plot the time decay of the electric field in a 1-D leaky cavity with 4 modes consisting of first, second,
third and fourth harmonic with following dissipation factors:
First Harmonic : γ1 = 0.0001;
Second Harmonic : γ2 = 0.002;
Third Harmonic : γ3 = 0.005;
Fourth Harmonic : γ4 = 0.01; (66)
As expected, the electric field tends towards zero as time progresses as more and more radiation leaks out. We further
observe that we can specialize our field expressions for the case of single mode cavity as studied in [20] by taking
γ = κ2 where κ depends upon cavity dimensions and boundary reflectivity. This gives us the following expression for
fields
〈β˜, t| Eˆ(r, t) |β˜, t〉 =E(r, 0)e−κ2 t (67)
〈β˜, t| Bˆ(r, t) |β˜, t〉 =B(r, 0)e−κ2 t (68)
These results agree with the ones given in [20].
The formalism developed here is novel and much simpler than the ones existing in literature. Obviously the shape we
have chosen for our cavity (cuboid), makes the problem much simpler than the more realistic situations encountered in
literature. Generalizing this treatment to cavities of arbitrary shapes is a direction of future work. Another advantage
of this formalism is that it can be easily generalized to study cavities whose walls allow only particular polarizations
or particular frequencies in specific directions to leak through. It also allows the analysis of leakage of multiple modes
in one go. We think that this procedure can be a powerful analytical tool to study leaky cavities.
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Electric field at t=2.18 sec Electric field at t=179.42 sec
Electric field at t=339.58 sec Electric field at t=533.23 sec
TABLE I. Time evolution of electric field of Electric Field
V. CONCLUSION
In this paper, we have made an improvement to the existing idea [14] of describing dissipative systems via non
hermitian Hamiltonians. The main difference from existing treatments is our use of coherent states with time
dependent normalization (19). As we show in this paper, using these states greatly simplify the derivation of the
classical limit. Moreover, these states have a nice physical interpretation as they clearly show that in a dissipative
system, owing to the loss of energy to the environment, the probability of finding the system in the higher energy
states reduces with time. We demonstrate this procedure for two dissipative system, the standard damped harmonic
oscillator example and the problem of radiation in a leaky cavity. For the leaky cavity problem, we show that if the
cavity is cuboidal, the problem can be mapped on the damped oscillator system. Although the geometry of the
chosen cavity greatly simplified the problem, it is possible to apply the same formalism to cavities of any shape.
That is a direction of future work. The damped oscillator spectrum can also be mapped on to several dissipative
systems. One of such systems of particular interest is the mapping on to quasi-normal modes of a black hole [21].
Exploring our formalism in this and other general relativistic systems is one of the problems we are currently
exploring.
Another possible direction of future work using this formalism is addressing the problem of quantum decoherence
[22]. Decoherence arises from the loss of information from the system to the surroundings consequently leading to non-
unitary time evolution of the system. One of the ways of modelling decoherence is through adding interference terms
linking the system and surrounding which ultimately drive the system to classicality [23]. Obviously non hermitian
Hamiltonians play a significant role in such processes. Whether the states we use in this paper help us improve our
understanding of decoherence is an interesting question for future research.
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Appendix A: Review of Simple Harmonic Oscillator
For completeness, we give a brief pedagogical review of quantum treatment of simple harmonic oscillator and
coherent states. For detailed description reader can consult standard texts on quantum mechanics (see [24] for
details). The Hamiltonian operator for SHO is given as,
Hˆ =
1
2m
Pˆ2 + ω
2m
2
Qˆ2 (A1)
where, [Qˆ, Pˆ] = i~ is the canonical commutation relation (CCR). We define, annihilation operator aˆ and creation
operator aˆ† as follows
aˆ =
√
mω
2~
[
Qˆ+ i
mω
Pˆ
]
(A2)
aˆ† =
√
mω
2~
[
Qˆ − i
mω
Pˆ
]
(A3)
where, [aˆ, aˆ†] = 1 due to CCR.
We further define number operator Nˆ = aˆ†aˆ. We thus observe that Hamiltonian (A1) can be rewritten in terms of
number operator as
Hˆ =
[
Nˆ +
1
2
]
~ω (A4)
Let us further consider eigenstate of number operator as |n〉 such that N |n〉 = n |n〉 thus giving us,
Hˆ |n〉 =
[
n+
1
2
]
~ω = En |n〉 (A5)
The operators aˆ(aˆ†) act on energy state |n〉 by decreasing(increasing) the number n by 1.
aˆ |n〉 = √n |n− 1〉 (A6)
aˆ† |n〉 = √n+ 1 |n+ 1〉 (A7)
In order to establish connection with classical mechanics we can use minimum uncertainty states called as coherent
states. Coherent state is defined to be the eigenstates of operator aˆ. It can be expressed as a superposition of energy
eigenstates as
|α〉 = e− |α
2|
2
∞∑
n=0
αn√
n!
|n〉 (A8)
Note that since, the operator aˆ is non-hermitian the eigenvalue α will in general be complex.
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